Abstract. We study 3-dimensional Ricci solitons which project via a semi-conformal mapping to a surface. We reformulate the equations in terms of parameters of the map; this enables us to give an ansatz for constructing solitons in terms of data on the surface. A complete description of the soliton structures on all the 3-dimensional geometries is given, in particular, non-gradient solitons are found on Nil and Sol.
Introduction
Fixed points of the Ricci flow: qg qt ¼ À2 RicciðgÞ ð1Þ on a manifold ðM; gÞ are called Ricci solitons. It is usual to look for fixed points up to di¤eomorphism of M and scaling of g, so that the equations for a Ricci soliton become:
where E is a vector field on M, L E g denotes Lie derivation of g with respect to E and A is a constant. Indeed if gðtÞ ¼ cðtÞc Ã t g is a solution of (1) , where cðtÞ is a smooth scalar function of t and fc t g is a smoothly varying family of di¤eomorphisms with cð0Þ ¼ 1 and c 0 ¼ id, then we set E ¼ Eð0Þ where EðtÞ is the family of vector fields generated by fc t g and A ¼ c 0 ð0Þ=2. Conversely, a metric which satisfies (2) determines a solution of this type for small time, see [9] for details. The soliton is called shrinking, stationary or expanding according as A < 0; ¼ 0; > 0, respectively. It is of gradient type if E ¼ grad F for some function F , in which case L E g ¼ 2' dF .
Apart from their interest as fixed points of the Ricci flow, see [17] , and [20] for an overview, they are interesting geometric objects in their own right. Warped product solutions have been constructed by Bryant and Ivey [19] . Kähler solitons in even dimension are studied by Koiso [21] , Cao [7] , [8] , Feldman, Ilmanen and Knopf [12] and Bryant [6] . A construction using a doubly warped product metric in higher dimensions is given by Gastel and Krong [14] . We note that all of the above constructions are of gradient type. By a result of Ivey [18] , in dimension 3 the only compact examples are of constant curvature. Our aim in this article is to construct 3-dimensional solitons which admit a semi-conformal projection onto a surface. Some of our examples are not of gradient type. The existence of such solitons has important consequences for the stability of the Ricci flow about non-Ricci flat metrics [16] ; see also [15] , [26] for the Ricci-flat case.
A Lipschitz map j : ðM m ; gÞ ! ðN n ; hÞ between Riemannian manifolds is said to be semi-conformal if, at each point x A M where j is di¤erentiable (dense by Radmacher's Theorem), the derivative dj x : T x M ! T jðxÞ N is either the zero map or is conformal and surjective on the complement of ker dj x (called the horizontal distribution). Thus, there exists a number lðxÞ (defined almost everywhere), called the dilation, such that lðxÞ 2 gðX ; Y Þ ¼ j Ã hðX ; Y Þ, for all X ; Y A ðker dj x Þ ? . If j is of class C 1 , then we have a useful characterisation in local coordinates, given by
where ðx i Þ, ðy a Þ are coordinates on M, N, respectively and j a i ¼ qðy a jÞ=qx i (here and throughout we sum over repeated indices). The fibres of a smooth submersive semiconformal map determine a conformal foliation, see [27] and conversely, with respect to a local foliated chart, we may put a conformal structure on the leaf space with respect to which the projection is a semi-conformal map. We then have the identity:
for U tangent and X , Y orthogonal to the foliation.
The question of which 3-manifolds admit a conformal foliation (equivalently, local semi-conformal maps to surfaces) remains a delicate one. It is equivalent, locally, to finding a function which admits a 'conjugate'; in [2] , [3] it is shown that such functions are characterized as satisfying a 2nd order di¤erential inequality and two 3rd order di¤erential equations. We shall see that we can calculate the Ricci curvature in terms of geometric quantities associated to the projection, for example the mean curvature of the fibres, the integrability tensor of the orthogonal distribution and the dilation.
In general, the equations are still di‰cult to study and in this article we concentrate on the case when objects are basic, that is they are defined in terms of data on the surface. This leads to the following ansatz for the construction of solitons. Theorem 1.1. Let ðN; hÞ be a Riemannian surface. Let c; l; r; n : N ! R be functions with c f 0, satisfying the system of equations
where we take (ii)(a) to be vacuous whenever c 1 0 and where K N is the Gaussian curvature of N. Now set M ¼ N Â ðÀd; dÞ for some d > 0 and let j : M ! N be the canonical projection. Let The function c measures the non-integrablility of the orthogonal complement of ker dj, in particular if c 1 0, then this distribution is integrable. The function ln r, is the potential for the mean curvature m of the fibres of j; that is, m ¼ grad ln r. A special case of the theorem is when r is constant, so the fibres are minimal. In this case we can give a complete description of the solutions of (3) in terms of holomorphic data on the surface N, which leads to the following conclusion.
Corollary 1.2. Let ðM
3 ; gÞ be a soliton derived from the ansatz given by Theorem 1.1 with r constant, then c ¼ C is constant and either
(ii) C 3 0, in which case M either has constant curvature or is locally isometric to the geometry Nil.
We will give an explicit description of the soliton structure on Nil, which exists and is unique by [22] . On the other hand, to identify the geometry Sol as a soliton (Example 4.6) we will require the more general set-up of Theorem 1.1. This is because Sol, even locally, does not admit a semi-conformal map to a surface with geodesic fibres [4] . For both of these geometries the soliton structure is not of gradient type. Finally, we show that g SL 2 ðRÞ SL 2 ðRÞ does not admit any soliton structure whatsoever. To complete the picture, we show uniqueness of the soliton structures on the other 3-dimensional geometries, except for R 3 where the Gaussian soliton appears.
Remarks. 1. The constant A is the same constant that occurs in (2) and so its sign determines whether the soliton is shrinking, stationary or expanding. To be consistent with notation, functions, forms and vector fields on the codomain N will have a 'bar' over them.
2. The system (3) depends only on grad ln n and grad ln r. In its most general form we may replace grad ln n by Y , where Y is a vector field on N. For example,
ÁÞ is the dual of Y . Our hypothesis is not the same as supposing the soliton is of gradient type (see also Section 4).
3. We will refer to the condition (u) in the above theorem and corollary as the 'umbilicity condition'; the reason for this will become apparent in Section 4. 5. Locally, on a topologically trivial domain, it is always possible to solve (4) . In fact we can write it in the equivalent form: dðryÞ ¼ rW W. In order to solve this for y we require that dðrW WÞ ¼ 0. But rW W ¼ j Ã ðrWÞ, which is clearly closed.
6. The condition that a soliton given by Theorem 1.1 has constant curvature is given in Proposition 4.4.
7. A semi-conformal map which is harmonic is called a harmonic morphism (see [13] , [4] ). If the mapping takes values in a surface then this is equivalent to the fibres being minimal. The second named author has constructed Einstein metrics in dimension 4 from harmonic morphisms with 1-dimensional fibres [11] . On the other hand, any harmonic morphism with 1-dimensional fibres from an Einstein manifold of dimension f 5 is of warped product type or of Killing type (the fibres are the integral curves of a Killing vector field). This was shown for manifolds of constant curvature by Bryant [5] and for more general Einstein manifolds by Pantilie and Wood [25] . In dimension 4 one other type can occur [24] .
A brief outline of the organisation of the paper is as follows. In Section 2, we establish the fundamental equation of a soliton on a 3-manifold which admits a semi-conformal mapping to a surface. In Section 3, we show how to build a semi-conformal mapping from data on a surface; this gives an important sub-class of semi-conformal mappings to which we will apply the fundamental equation. In Section 4, we establish Theorem 1.1, giving our ansatz for the construction of solitons and show how the geometry Sol arises as an example. In Section 5, we prove Corollary 1.2 and deduce the soliton structure on the geometry Nil; finally in this section, we show that the geometry g SL 2 ðRÞ SL 2 ðRÞ does not admit any soliton structure and describe completely all the soliton structures on the eight 3-dimensional geometries. The calculation of the Ricci curvature used in Section 2 and the various formulae relating forms on the domain and codomain of a semi-conformal submersion required in Section 4 are given in an appendix.
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The fundamental equations
Let j : ðM 3 ; gÞ ! ðN 2 ; hÞ be a ðC y Þ semi-conformal submersion with dilation l. We will use the following notation: Let V and H denote the vertical and horizontal distributions, respectively. We will use the same letters to denote orthogonal projection onto the respective distributions. Let U denote the unit vertical vector field, i.e. djðUÞ ¼ 0 and gðU; UÞ ¼ 1. If M is oriented, there are two choices for U; we will select one of these; the equations are invariant of this choice. 
Proof. We equate the expression for the Ricci curvature given in the appendix by (32) with the right-hand side of (2) . However, it is useful to decompose the vector field E into its di¤erent components. It is no loss of generality to set E ¼ Àm þ X þ fU for some function f and horizontal vector field X , in order to cancel the term 1 2 L m g in (32). By using the fact that fU is tangent to a conformal foliation, so that
We note also the basic identity Dy ¼ ðd
, which is a consequence of Lemma 6.2. The formula of the proposition now follows. q.e.d.
Before proceeding, it is worthwhile to give the most basic examples of 3-dimensional solitons, which follow quickly from (6).
Example 2.2 (Warped product solutions). Locally, a warped product is of the form
where J is an open interval in R with its coordinate t and where l ¼ lðtÞ. We take j to be the canonical projection j : M ! N. Then the fibres are geodesic, so that, in addition to being semi-conformal, j now has the further property of being a harmonic morphism and our expression (32) for the Ricci curvature reduces to a well-known, much simpler case of our formula, see [4] . Note also that the horizontal distribution is integrable so that I and W vanish. We will suppose that the horizontal component X of the vector field E vanishes and that K N is constant. Then the system of equations (6) is equivalent to the pair of equations
Let t denote a unit speed parameter along the fibres, so that t ¼ const: gives the (integrable) horizontal spaces, U ¼ q=qt and y ¼ dt. As a consequence of the equations, we also have f ¼ f ðtÞ. We note the special solutions given by l 1 const. Without loss of generality, we may suppose that l 1 1.
We will now suppose that l is non-constant and work on a neighbourhood where l 0 3 0. Then, letting fe a g denote a local orthonormal frame, by Lemma 6.2,
The system (8) now becomes the pair of ordinary di¤erential equations:
We can solve these to express f in terms of l:
Substituting back, we obtain the following 3rd order ordinary di¤erential equation:
Thus (10) and (11) are equivalent to (9) . It is easily checked that the solution has constant curvature if and only if ðln lÞ 00 À l 2 K N ¼ 0. For example, the well-known Gaussian soliton on R 3 is obtained by taking N ¼ S 2 with its standard metric h, so that K N 1 1; now let lðtÞ ¼ 1=t and let A be an arbitrary constant. Then the metric g ¼ dt 2 þ t 2 h is the Euclidean metric in polar coordinates and the vector field E ¼ ÀAtt is the gradient of the function ÀAt 2 =2. The Gaussian soliton illustrates the possibility that on a given manifold a soliton structure may not be unique. Other examples can be found, for instance, when
gives the (incomplete) soliton metric
More generally, when A ¼ 0, in unpublished work, R. L. Bryant showed how to write (9) as a system of first order ordinary di¤erential equations. This is achieved by making the substitutions:
leading to a system of the form dx ds ¼ F ðx; yÞ, dy ds ¼ Gðx; yÞ for appropriate F and G, see [10] for details. In the particular case when K N ¼ 1, Bryant shows the existence of a solution corresponding to a complete metric giving the rotationally symmetric stationary Bryant soliton.
The equation (6) in its most general form is di‰cult to unravel. Our strategy to find solutions is as follows:
(a) We restrict to semi-conformal mappings j which can be built from data on the surface N. However, to obtain interesting solutions, we will need su‰cient degrees of freedom in this process and to this end we will introduce a function r which prescribes the mean curvature of the fibres: m ¼ grad ln r (see Section 3).
(b) We rephrase the question of existence of a soliton into one of existence of the function f in (6); in particular, by writing the component df þ f m [ as a di¤erential: dð f rÞ=r (see equation (18) below), existence becomes an exploitation of the Poincaré Lemma.
Building a semi-conformal map from data on a surface
Given a semi-conformal map j : ðM 3 ; gÞ ! ðN 2 ; hÞ, we first find conditions when the 2-formW W ¼ W H ¼ ÀgðU; I Þ is basic, that is, it is the pull-back of a 2-form on N. Note from equation (5)
Subsequently, we will associate to g a metric g g with respect to which the fibres of j are minimal. The transition from g tog g is an essential ingredient in our method for constructing solitons. Proof. If X , Y are basic horizontal vector fields, then, as in Lemma (6.5)(i), Proof. Let X , Y be horizontal vector fields. Then
The result follows. q.e.d.
Suppose that j : ðM 3 ; gÞ ! ðN 2 ; hÞ is a semi-conformal map with dilation l and with associated integrability 2-formW W basic. We will suppose further that M 3 is a domain whose 2-cohomology vanishes and on which j is submersive with connected fibres. This is no loss of generality, since otherwise we work locally on an open set with these properties. Then we may writeW
Proposition 3.3. The map j : ðM 3 ;g gÞ ! ðN 2 ; hÞ is both semi-conformal and harmonic, equivalently, j is a harmonic morphism with respect to the metricg g.
Proof. Semi-conformality of j is immediate from the definition ofg g. For a semiconformal map onto a surface, harmonicity is equivalent to the fibres being minimal ( [1] ). LetŨ U be a unit vertical vector field with respect tog g. Then it is easily checked that the fibres are geodesic if and only if LŨ Uỹ y ¼ 0 (see [4] ). But
We therefore see how, to a semi-conformal map j : ðM 3 ; gÞ ! ðN 2 ; hÞ with m [ closed relative to the horizontal distribution, we can associate a harmonic morphism j : ðM 3 ;g gÞ ! ðN 2 ; hÞ. We now consider the converse problem: given a harmonic morphism j : ðM 3 ;g gÞ ! ðN 2 ; hÞ, construct a semi-conformal map j : ðM 3 ; gÞ ! ðN 2 ; hÞ with fibres having prescribed mean curvature m. Proposition 3.4. Let j : ðM 3 ;g gÞ ! ðN 2 ; hÞ be a submersive harmonic morphism with dilation l and integrability 2-formW W. Let h be a given 1-form and let y be a 1-form satisfying the exterior di¤erential equation
Suppose that yðŨ UÞ 3 0 at every point, whereŨ U is a unit vertical vector with respect tog g. Let [ ðX Þ ¼ Àgðm; X Þ, where X is horizontal (with respect to g) and m denotes the mean-curvature of the fibres. But since U andŨ U are colinear (both being in the kernel of dj),W WcU ¼ 0 and by (13), WðX ; UÞ ¼ ÀhðX Þ, i.e. hðX Þ ¼ gðm; X Þ as required.
For the last part of the proposition, write h ¼ d ln r, where r ¼ r j. Then equation (13) 
In fact, since the gradient of the dilation is horizontal, it is a harmonic morphism of Killing type, that is the fibres are the integral curves of a Killing vector field (see [5] ). Now let y solve the exterior di¤erential equation
þ y 2 , then provided yðq=qtÞ 3 0, the metric g is positive definite and j : ðM 3 ; gÞ ! ðN 2 ; hÞ is a semi-conformal map with fibres having mean curvature grad ln r.
In the next section, we will establish conditions on the functions l, r, s defined above, which are equivalent to the property that ðM 3 ; gÞ be a Ricci soliton.
Solitons constructed from data on a surface
Our aim in this section is to establish Theorem 1.1. The ansatz is derived from the construction of a semi-conformal mapping whose dilation and fibre mean curvature are both basic. In order not to interrupt the thread of the main argument, we give the various formulae relating objects on the domain and codomain of a semi-conformal map in the appendix, citing the corresponding result when required.
Let j : M 3 ! N 2 be a semi-conformal submersion with connected fibres, basic dilation l ¼ l j and whose fibres have mean curvature which is the gradient of a basic function: m ¼ grad ln r ðr ¼ r jÞ. A special type of horizontal vector field X is given by the gradient of a basic function, that is X ¼ grad ln n, where n ¼ n j with n : N ! R. We will now make this assumption on X ; in particular this implies that L X g ¼ 2'd ln n. This need not imply that a corresponding soliton is of gradient type; for this we require that E be the gradient of a function, which depends essentially on the function f . Since djðgrad ln nÞ ¼ l 2 grad ln n j, we have the correspondence X ¼ l 2 grad ln n.
Equation (6) for a soliton now has the form:
An immediate necessary condition for this to be satisfied is the requirement that 
We require the bracket to be proportional to h, which is the assertion of the lemma. q.e.d.
By taking traces and applying Corollary 6.8, we have the following consequence.
It will be convenient in what follows to define c :¼ 1 4 kI k 2 . By Lemma 6.9 of the appendix, this is basic, so that we can write c ¼ c j. Let us review the soliton equation (14) under the assumption that the umbilicity condition (3)(u) is satisfied. By the above it takes the form:
with its component parts:
We will now study (17) 
. From Lemmas 6.10 and 6.11 of the appendix, we can decompose d Ã W as the sum of the pullback of a form on N and a vertical component, to give equation (17)(ii) in the form:
Written in this way, we see that, on a simply connected domain, we can find a function f such that (17)(ii) is satisfied if and only if the derivative of the right-hand side vanishes, that is, if and only if
Here, DW is the Laplacian on forms:
On simplifying and separating into components, we have equivalence with the following pair of equations on N:
In order to simplify these, it is useful to write W ¼ sm N , where m N is the volume form on ðN; hÞ. Then it is easily checked that the following relation holds:
The following identities are useful. 
On applying these to equation (a) above, we obtain
From (19) 
are satisfied.
Proof. The manifold M 3 has constant curvature if and only if, for all unit horizontal vectors Y , (i) RicciðY ; UÞ ¼ 0 and (ii) RicciðY ; Y Þ ¼ RicciðU; UÞ. We now employ the expressions for the Ricci curvature given by Lemmas 6.3, 6.4 and 6.6, as well as the formula for the divergence d Ã W given by Lemmas 6.10 and 6.11. We omit the details. q.e.d.
The following example is instructive, even though the soliton behind it is the trivial one ðM 3 ; gÞ ¼ R 3 . It is based on an example in [3] .
Example 4.5 (Helix example). Choose cylindrical coordinates for R 3 : ðr; a; zÞ, where
jðr; a; zÞ ¼ ln
where c is an arbitrary positive constant. Then j is semi-conformal with fibres helices which wind around the concentric cylinders r ¼ constant. Its gradient is given by
and its dilation by l 2 ¼ ð1 þ cr 2 Þ=r 2 . Let ðu; vÞ denote coordinates on the codomain R 2 ;
then u ¼ uðrÞ with du dr ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 þ cr 2 p r , whereas v ¼ vða; zÞ. The objects associated to our construction of solitons are given as follows:
Note that the functions l and r are basic, so we are in the situation of Theorem 1.1. It is routine to check that the equations of the theorem are satisfied.
Example 4.6 (The geometry Sol as a soliton). In this example we generalize a construction of Ivey [19] to include examples of non-gradient type. In particular we will see the geometry Sol arising in this way. Ivey considers doubly warped product metrics of the form g ¼ dx ; hÞ be the projection jðx 1 ; x 2 ; x 3 Þ ¼ ðx 1 ; x 2 Þ. Then j is semi-conformal with dilation l 1 1 and with corresponding form dual to its kernel given by y ¼ bðx 1 Þ dx 3 . The dual of the mean curvature of the fibres is given by the form
and H is integrable. In fact Ivey takes the vector field E in (2) to be the gradient of a function which depends on x 1 only. This would correspond to the vanishing of the function f in the decomposition E ¼ X þ fU. From (18), we see that this corresponds to the vanishing of the constant on the right-hand side of equation (ii)(b) of Theorem 1.1. We will suppose that the function n ¼ nðx 1 Þ, but we could conceivably have f non-zero, leading to a more general situation. On noting that K N ¼ Àa 00 =a and writing b ¼ ln n, the equations for a soliton become: , which corresponds to the 3-dimensional geometry Sol. We can be more explicit in describing the vector field E and seeing if the soliton is of gradient type. For this we apply equation (17)(ii), which takes the form
This is solved by
Now E ¼ Àm þ fU þ grad ln n, which is (locally)
which is clearly non-vanishing, so Sol, viewed as a soliton in this way, is not of gradient type. In fact we can exhibit its soliton flow:
The case of minimal fibres
When the potential function r is constant, the fibres of j are minimal and the equations for a soliton become more accessible; in this case, we are able to give a complete local description of the solutions as specified by Corollary 1.2. Suppose then that r is constant. From (3)(ii)(b), we see that c is also a constant, C say. The equations (3) now become
for some function a : N ! R, with (ii) vacuous whenever H is integrable, i.e. C ¼ 0.
Proposition 5.1. Let l, n satisfy the system (21) with C 3 0. Then either C þ A ¼ 0 and the corresponding soliton has constant curvature, or 3C À A ¼ 0 and, in terms of a local isothermal coordinate z ¼ x þ iy on a simply connected domain of N 2 , we have
where vðzÞ is a non-vanishing holomorphic function and B is a positive constant.
Remark. In fact equations (3) and (21) depend only on the gradient of g ¼ ln n, so we only expect to be able to explicitly express g x À ig y ¼ 2 qg qz , as in the proposition above.
Proof. First note that, on combining Proposition 4.4 with equation (21)
On di¤erentiating (u) with respect to z, (ii) with respect to z and combining, we obtain
Thus either g z 1 0 on some open set, in which case from (ii) we have C þ A ¼ 0, so that the corresponding soliton has constant curvature, or b zz 1 0 on some open set, which from (i) implies that 3C À A ¼ 0. Henceforth we will suppose that we are in the latter situation, so that b zz 1 0 and A ¼ 3C. Note that since C f 0, this implies that A f 0 and any corresponding soliton is expanding. The system (23) now takes the form
If g z 1 0, then C ¼ 0, which in turn implies that A ¼ 0 and we are in the constant curvature case again. So we will work on a domain where g z 3 0. Then
where qm qz ¼ 0, i.e. where m ¼ mðzÞ is antiholomorphic in z. Then
and from (24) we require that C ¼ m 0 À 2mb z . Thus
with m ¼ mðzÞ antiholomorphic. Since the right-hand side of this expression is antiholomorphic, we can integrate along any path in a simply connected domain. To write this integral more conveniently, we let pðzÞ be an antiholomorphic function which is a primitive of 1=m, i.e. p 0 ðzÞ ¼ 1=mðzÞ. Then
with qðzÞ holomorphic in zz ¼ 0 .
Let us change notation once more, by first setting rðzÞ ¼ e pðzÞ , sðzÞ ¼ e qðzÞ . Then
Finally, write uðzÞ ¼ r C C 0 and vðzÞ ¼ sðzÞ À2 , to obtain
where we take the principal branch of ln and require that uðzÞvðzÞ be real and positive for all z. But this is easily seen to be equivalent to the condition uðzÞ ¼ avðzÞ;
with a a real positive constant. We now have
where vðzÞ is a holomorphic function, which we require to be non-vanishing to avoid singular points. In particular, this gives
with B a positive constant.
Returning to g z ; from (25) , this is given by 
to give the metric g in the form
We claim this is the metric for Nil. Indeed, if we take u ¼ y 1 þ iy 2 as a local coordinate, then
where we have set y 3 ¼ t À y 1 y 2 2 . q.e.d.
The geometry Nil as a soliton. On expressing the metric g for Nil as in (26), we can solve (17) (ii) for f to obtain the soliton flow E explicitly. Indeed (17) (ii) becomes df þ y 1 dy 2 þ y 2 dy 1 þ 2 dy 3 ¼ 0; which has solution f ¼ Ày 1 y 2 À 2y 3 . Then the soliton is of gradient type if and only if dE
which is non-vanishing and so Nil, viewed as a soliton in this way, is not of gradient type. The soliton flow E is given explicitly by
It remains to consider the case when C ¼ 0, so that the horizontal distribution is integrable and equations (21) become the system:
On replacing h by the conformally related metric h=l 2 , we may suppose that l 1 1. But then the system becomes
ðuÞ 'd ln n ¼ ah:
But this is precisely the equation for a 2-dimensional gradient soliton: 
then the projection is given by jðx 1 ; x 2 ; x 3 Þ ¼ ðx 1 ; x 2 Þ, where we take the metric on the codomain to be h ¼ dx
. This fact enables us to establish the following theorem.
Theorem 5.3. The geometry g SL 2 ðRÞ SL 2 ðRÞ admits no soliton structure.
Proof. We apply equation (6) 
Thus g SL 2 ðRÞ SL 2 ðRÞ admits a soliton structure if and only if this has a solution for f , X and A.
Let Y 1 ¼ x 2 q 1 À q 3 , Y 2 ¼ x 2 q 2 be an orthonormal frame for H, and let X ¼ aY 1 þ bY 2 . Then a routine calculation gives
On substituting into (28) and equating the various coe‰cients of dx i dx j to zero, we are led to the following system of equations:
We claim this has no solution in a, b, f , whatever the value of the constant A.
It is convenient to write
and we obtain the following system in p and q:
On di¤erentiating (ix) with respect to x 2 , substituting into (vii) and using (ix) once more, we obtain the equation a À 4 À x 2 q 13 q þ 2q 33 q ¼ 0, which, on integrating with respect to x 3 , implies that
for some functionr r ¼r rðx 1 ; x 2 Þ. But since q is independent of x 2 , we must have Àq 1 q ¼ q 2r r, which implies thatr r ¼ Àx 2 q 1 q þ rðx 1 Þ, for a function r ¼ rðx 1 Þ. Therefore ða À 4Þx 3 þ 2q 3 q ¼ rðx 1 Þ, which, on integrating with respect to x 3 , gives
for some function s ¼ sðx 1 Þ. But the fact thatr r is independent of x 3 shows that r 0 vanishes and so r is constant. We can now substitute back into the system (30) to obtain:
Then (xi) implies that a ¼ 4, which, on substituting into (xii) gives r ¼ 0. From (xi), we have 2q 2 
Equations (x) and (xii) now quickly lead to a contradiction. q.e.d.
The other geometries. We can apply the same techniques as above to the other geometries (and in principle to any 3-manifold admitting a semi-conformal map to a surface), to obtain a system of equations similar to (29). The calculations are long and tedious so we omit the details, but a complete set of solutions can be obtained. We summarize the conclusions as follows: up to addition of a Killing vector field, the soliton flows E on Nil given by (27) and on Sol given by (20) , are unique; the soliton flows on S 2 Â R and H 2 Â R given in Example 2.2 are unique; the only soliton flows on S 3 and H 3 are given by Killing vector fields; the only non-Killing solitons on R 3 are the well-known Gaussian solitons with flow
, where a A R 3 is an arbitrary fixed point and A is an arbitrary constant.
Appendix
A. The Ricci curvature associated to a semi-conformal map. We express the Ricci curvature on a 3-manifold which supports a semi-conformal submersion to a surface. Our conventions and notation are as described at the beginning of Section 2.
Proposition 6.1. Let j : ðM 3 ; gÞ ! ðN 2 ; hÞ be a ðC y Þ semi-conformal submersion with dilation l. Then the Ricci tensor of ðM; gÞ is given by the formula
where m denotes the mean-curvature vector field of the fibres of j, K N is the Gauss curvature of N and Dy ¼ ðdd Ã þ d Ã dÞy is the Laplacian on forms.
The above formula will be deduced by evaluating the Ricci tensor on di¤erent combinations of horizontal and vertical vectors. In what follows, we let fe i g ¼ fe a ; Ug denote a local orthonormal frame field, where the index i ranges over 1, 2, 3 and the index a over 1, 2. The following lemma is useful and is to be found in [1] . Lemma 6.2. The mean curvature 1 2 gðU; ' e a e a Þ of the horizontal distribution H is given by Uðln lÞ.
Proof. We note that the quantity gðU; ' e a e a Þ is independent of the horizontal frame fe a g. Suppose that, for each a ¼ 1; 2, the vector field e a is the normalised lift of a unit vector field X a on a domain of N: djðe a Þ ¼ lX a j. By the symmetry of the second fundamental form ' dj, we have Proof. Since both sides are tensorial in X and Y , it su‰ces to verify the formula on a basis. Let e a ¼ lX a , where X a is the basis taken in Lemma 6.5; thus fe 1 ; e 2 g is an orthonormal frame for the horizontal space. We first of all compute Ricciðe 1 ; e 2 Þ ¼ g À RðU; e 1 Þe 2 ; U Á . By [4] We now apply [4] , Proposition 11.2.2, which expresses the sectional curvatures of a semiconformal submersion, to give the required formula with X ¼ Y ¼ e 1 . We omit the details. q.e.d.
Proof of Proposition 6.1. The formula of the proposition follows on combining Lemmas 6.3, 6.4 and 6.6, together with the easily established formula 2d
B. The relation between forms on the domain and codomain of a semi-conformal submersion. In this section, as in Section 4, we suppose that j : M 3 ! N 2 is a semiconformal submersion with connected fibres, basic dilation l ¼ l j and whose fibres have mean curvature which is the gradient of a basic function: m ¼ grad ln r ðr ¼ r jÞ.
Recall that for a covariant tensor S, we will write ScX for its contraction with a vector X , so that ðScX ÞðY 1 ; . . . ; Y k Þ ¼ SðX ; Y 1 ; . . . ; Y k Þ. Lemma 6.7. Let F ¼ F j : M ! R be any smooth basic function, then ' dF ¼ j Ã f' dF þ 2d ln l p dF À hðgrad ln l; grad F Þhg þ ðWcgrad F Þ p y; ð33Þ furthermore Wcgrad F ¼ j Ã ðl 2 Wcgrad F Þ.
